We consider static and cylindrically symmetric interior string solutions in the scalar-tensor representation of the hybrid metric-Palatini modified theory of gravity. As a first step in our study, we obtain the gravitational field equations and further simplify the analysis by imposing Lorentz invariance along the t and z axes, which reduces the number of unknown metric tensor components to a single function. In this case, the general solution of the field equations can be obtained, for an arbitrary form of the scalar field potential, in an exact closed parametric form, with the scalar field φ taken as a parameter. We consider in detail several exact solutions of the field equations, corresponding to a null and constant potential, and to a power-law potential of the form V (φ) = V0φ 3/4 , in which the behavior of the scalar field, metric tensor component and string tension can be described in a simple mathematical form. We also investigate the string models with exponential and Higgs type scalar field potentials by using numerical methods. In this way we obtain a large class of novel stable stringlike solutions in the context of hybrid metric-Palatini gravity, in which the basic parameters, such as the scalar field, metric tensor and string tension, depend essentially on the initial values of the scalar field, and of its derivative, along the string axis.
The formation of topological defects is a well studied physical process in the context of condensed matter, namely, metal crystallization [1] , liquid crystals [2, 3] , superfluid helium-3 [4] and helium-4 [5] , and superconductivity [6] . The formation of topological defects is a by-product of phase transitions and behind their formation lies a fundamental concept in physics, namely, spontaneous symmetry breaking (SSB). Although we can distinguish first and second order phase transitions, the essential features of such a concept can be illustrated by a simple Goldstone model [7] [8] [9] . Here, the physical system of a Higgs field exhibits a non-degenerate vacuum expectation value at T > T c , but as the system is cooled, the minima of the potential becomes degenerate for T < T c and the field will "roll" to the new minima, where T c = √ 6η is the critical temperature in second order phase transitions, related to the energy breaking scale, η. The new vacuum state now does not exhibit the same invariance as the previous minimum and, hence, the symmetry is spontaneously broken.
From the standpoint of cosmology, the formation of topological defects is related with the symmetries shown by the Standard Model of Particle Physics. In fact, many Grand Unification Theories (GUTs) postulate that the universe, as it cooled, underwent a series of phase transitions associated with SSB, meaning that at sufficiently high temperatures there was invariance under a more general group of symmetries. Each of these phase tran-sitions may have left behind a network of topological defects [10] . In fact, the Kibble and Zurek mechanism (KZM) [10, 11] describes the non-equilibrium dynamics and the formation of topological defects in a system which is driven through a continuous phase transition at finite rate. When T c is reached, random fluctuations will dictate which of the minima state will be "chosen" by the field; regions of spacetime separated by a distance larger than the size of the particle horizon, will "choose" independent, but equivalent, states on the minima manifold. Indeed, the kind of defects we expect to be formed depend on the (non-trivial) topology of the minima manifold [12] .
In the case of a discrete symmetry breaking, whenever the vacuum manifold is disconnected, a domain wall is formed, which is a surface that separates two patches with different vacuum expectation values (VEV). If the vacuum manifold contains unshrinkable surfaces, the field might develop non-trivial configurations corresponding to point-like defects, known as monopoles. In this work we limit ourselves to the investigation of what are considered to be the most viable types of topological defects, which may have already formed in the early Universe, namely, cosmic strings [8, 9] . These are line-like defects formed when the topology of the minima manifold is not simply-connected.
In field theoretical models strings can form once an axial symmetry is broken spontaneously. Strings can exist in the form of loops, or they can be infinitely long, spanning to the horizon. The equations of motion for two models of circular cosmic string loops with windings in a simply connected internal space were investigated numerically in [13] . The Kosambi-Cartan-Chern theory was used to analyze the Jacobi stability of the string equations and determine bounds on the physical parameters that ensure dynamical stability of the windings. One may also consider more exotic defects, composed of combinations of strings. For a more comprehensive discussion of the set of possible topological defects we refer the reader to [8, 9] . The formation of a network of cosmic defects, and their symmetry breaking scale, is a key feature in many Grand Unified scenarios [14] , and hence the search for the cosmological consequences of such defects is a key aspect for constraining different models.
Some defects tend to be inherently unstable [8] , while domain walls and monopoles are either cosmologically catastrophic or severely constrained by current observations [15] . On the other hand, the presence of cosmic strings can have important cosmological consequences, such as, for example, in the case of the Cosmic Microwave Background (CMB) anisotropies [16] , for small scale structure formation [17] , for the reionization history of the Universe [18] , for Gamma Ray Bursts [19, 20] , for the gravitational lensing observations [21] , and for the understanding of the formation of the super-massive black holes in the early universe [22] , respectively. Furthermore, the role of inflation on the survival of topological defects cannot be overstated, as defects formed too early would become diluted in the universe, which is useful in the case of domain walls or monopoles, but defects formed too late would become energetically dominant, changing drastically the standard cosmological model. However, it has been shown that strings are a by-product of several GUTs at the end of inflation [14] and are stable topological defects, which make them good candidates for further analysis. Due to the existence of a magnetic flux inside the string [23] , cosmic strings can either be infinite or form closed loops, which will oscillate and radiate energy via gravitational waves (GW), and thus decay. This radiation will cause a stochastic background in the GW spectra [24] .
Even though most of the research on cosmic strings has been done in the framework of standard general relativity, the properties of cosmic strings have also been investigated in modified theories of gravity. String-like solutions have been found in f (R) gravity [25] [26] [27] . Cylindrically symmetric string solutions with constant Ricci curvature have been derived in [25] , and it was shown that there is only one solution for R = 0. Families of vacuum solutions for which R = const = 0 were also found, representing f (R) analogues of the Linet-Tian solution [28, 29] . In fact, the solution obtained in [25] is a member of the general Tian family of solutions in general relativity, and therefore it can describe the exterior of a cosmic string. Kasner-type static, cylindrically symmetric interior string solutions in the framework of f (R, L m ) gravity [30, 31] were considered in [32] . Gravitationally bound general relativistic strings consisting of a Bose-Einstein condensate matter that is described, in the Newtonian limit, by the zero temperature timedependent nonlinear Schrödinger equation (the Gross-Pitaevskii equation), with repulsive interparticle interactions were investigated in [33] .
Cosmic strings have also been extensively explored in other extensions of general relativity, such as in scalartensor theories [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . An interesting aspect in these theories is the proof that the Vilenkin prescription in which an infinitely long straight static local gauge string satisfies the condition of the energy-momentum tensor T t t = T z z = 0 and all the other components T µ ν = 0 [45] , is inconsistent in Brans-Dicke theory of gravity [39] . However, this inconsistency can be removed by including a cosmological constant [44] , or by considering a more general scalar-tensor theory [42] . This fact motivates investigating string type solutions in the scalar-tensor representation of the recently proposed hybrid metric-Palatini gravity [46] [47] [48] , which is a modified theory of gravity that combines the metric and Palatini formalisms, already introduced in the study of standard general relativity, to construct a new gravitational Lagrangian.
In fact, theories of gravity with a gravitational action consisting of more general combinations of curvature invariants than the traditional Einstein-Hilbert term have been in recent years a source of intense scrutiny [46, [49] [50] [51] [52] [53] [54] . Either by their ability to account for the late-time cosmic acceleration without dark energy [55] , or by the possibility of explaining the large scale dynamics of selfgravitating systems without the need for dark matter [56] [57] [58] [59] [60] . The hybrid metric-Palatini theory is one of these cases [46-48, 54, 61-65] . From a theoretical point of view the main advantage of hybrid metric-Palatini gravity is that it is a viable gravity theory that includes elements of both Palatini and metric formalisms. A main success of the theory is the possibility of generating long-range forces that pass the classical local tests at the Solar System level of gravity. Another important advantage of the theory is that it admits an equivalent scalar-tensor representation, which greatly simplifies the analysis of the field equations, and the construction of their solutions.
In this work, we will analyze local gauge string solutions with a phenomenological energy momentum tensor, as prescribed by Vilenkin [45] , in the context of the hybrid gravitational theory. The general solution of the field equations can be obtained in an exact parametric form for arbitrary scalar field potentials. Several solutions of the field equations, obtained for different functional forms of the scalar field potential are considered in detail. In particular we consider the cases of the null and constant potentials, as well as the power-law potential of the form V (φ) = V 0 φ 3/4 . For all these cases the solutions of the gravitational field equations can be represented in a simple mathematical form. Two important scalar field potentials are the exponential and the Higgs type scalar field potentials, which can be investigated only with the extensive use of numerical methods. As a result of our investigations we obtain several classes of novel stable stringlike solutions in hybrid metric-Palatini gravity. An interesting property of these solutions is that the behavior of all physical and geometrical quantities describing the strings (scalar field, metric tensor, and string tension), essentially depend on the initial values along the string axis of the scalar field, and of its derivative.
This work in organized in the following manner. In Sec. II, we present the scalar-tensor representation of the hybrid metric-Palatini theory, by writing out the action and field equations for a general static, cylindrically symmetric metric. This is followed by Sec. III, where we present the general solution of the field equations, for an arbitrary form of the scalar field potential, in an exact closed parametric form, with the scalar field φ taken as a parameter. In Sec. IV, we consider in detail several exact and numerical solutions of the field equations, by choosing several interesting choices for the potential. Finally, we summarize and discuss our results in Sec. V.
II. COSMIC STRINGS IN HYBRID GRAVITY

A. Action and field equations
The action of hybrid metric-Palatini gravity is specified as [47, 48] 
where S m is the matter action, κ 2 ≡ 8πG, R is the Einstein-Hilbert term, R ≡ g µν R µν is the Palatini curvature, and R µν is defined in terms of an independent connectionΓ α µν as
The action (1) can be written in the scalar-tensor representation [47] , by the following action
Performing the variation of the action with respect to the metric and the scalar field φ yields the field equations
and
where V ,φ denotes the derivative of V with respect to the scalar field. This equation of motion shows that, unlike in the Palatini case, the scalar field is dynamical and not affected by the microscopic instabilities found in Palatini models with infrared corrections [47] .
B. Metric of a cosmic string
We now consider the specific case of a straight infinite cosmic string. In fact, a crucial parameter in cosmic strings is the energy density, µ (which is usually represented as a dimensionless quantity Gµ) closely related to the energy scale of the symmetry breaking, η ∼ √ µ; the tension of the string network, Gµ is significantly constrained (for a detailed discussion see [16] ), either by the CMB spectra (Gµ < 2.6 × 10 −7 ) [66] , gravitational lensing (Gµ < 10 −9 ) [67], 21-cm observations (Gµ < 10 −10 ) [68] and, with the advent of LISA, it can be even more tightly constrained by the stochastic background GW spectra [69] .
Throughout this paper, we will use Vilenkin's prescription [45] , given by
where σ is the string tension. We consider a general cylindrically symmetric static metric
where t, r, θ and z denote the time, radial, angular and axial cylindrical coordinates, respectively, and K, U and W are functions of r alone.
C. Full field equations
Taking into account the metric (7) , then the field equation (4) provides the following non-zero components
Additionally, we can use Eq. (5) to determine the effective Klein-Gordon equation for the scalar field φ:
Since in this model the matter field couples minimally with curvature, it is possible to show that the energy conservation equation still holds, i.e.,
which proves K ′ σ = 0, and apart from the trivial vacuum solution, σ = 0, this implies that K ′ = 0. Thus, we consider from now on that e K = 1, so that Eqs. (8)-(11) simplify to the following relations
respectively. Additionally, the effective Klein-Gordon equation for the scalar field φ reduces to
D. Field equations with boost invariance
Note that local gauge strings preserve boost invariance along the t and z [45] , so that this requires U = 0. Hence the metric of the cosmic string reduces to the form
Applying this symmetry, the gravitational field equations simplify considerably,
where Eqs. (20) and (23) become redundant. Combining Eqs. (21) and (22) yields the following relation for the potential V :
which substituting into the Klein-Gordon equation (18), the latter reduces to:
Additionally, we can further deduce:
An important physical parameter characterizing the cosmic string properties is the mass per unit length of the string, which is defined as 
where R s is the string radius.
III. GENERAL SOLUTION OF THE FIELD EQUATIONS
In the present section, we will consider the general solution of the field equations for a cosmic string in hybrid metric-Palatini gravity. It turns out that the system of gravitational equations describing a cosmic string can be solved analytically, with the solution represented in an exact (closed) form, with all the geometric and physical quantities expressed in a parametric form, with the scalar field φ taken as a parameter. As an application of the obtained solution, in the next section, we will investigate the behavior of cosmic strings for several choices of the scalar field potential, including the cases of the constant potential, of the exponential potential, and of the Higgs-type potential, respectively.
By taking into account Eq. (22), the field equations (20) and (23) reduce to the form
Equation (22) is independent of the metric tensor coefficient W and, from a mathematical point of view, it represents a second order nonlinear differential equation.
In order to solve it we first rescale the radial coordinate r according to the transformation r = βξ. Hence Eq. (22) takes the form
In order to solve Eq. (30) we introduce the transformations
respectively. Then Eq. (30) becomes a first order linear differential equation of the form
with the general solution given by
where C is an arbitrary constant of integration. We immediately obtain
respectively, where C 0 is an arbitrary constant of integration. Equation (21) can be successively transformed as
yielding
where W 0 is an arbitrary constant of integration. As a last step we need to obtain the expression of σ. Using Eq. (21), then Eq. (29) can be rewritten as
Taking into account the mathematical identities
respectively, Eq. (40) takes the form
Finally, after some simple calculations we obtain
Equation (36), (39) and (44) give the complete solution of the field equations describing the geometry of a cosmic string in hybrid metric-Palatini gravity. The solution is obtained in a parametric form, with φ taken as a parameter. It also contains three arbitrary integration constants C 0 , C, and W 0 , respectively, which must be obtained from the initial or boundary conditions imposed on the cosmic string configuration.
As for the mass of the string, in the dimensionless variable ξ it can be obtained as
where ξ s = R s /β.
IV. SPECIFIC COSMIC STRING SOLUTIONS
In the present section, we consider specific applications of the general solution of the field equations for a cosmic string in hybrid metric-Palatini gravity, outlined in the previous section. We will investigate the behavior of cosmic strings for several choices of the scalar field potential, including the cases of the constant potential, of the exponential potential, and of the Higgs type potential, respectively.
A. Constant scalar field potential: V = V0
As a first example of a cosmic string model in the hybrid metric-Palatini modified theory of gravity, we will assume that the potential of the scalar field is a constant,
In the particular case V = 0 the field equations describing the cosmic string configuration can be solved exactly. From Eq. (36) we immediately obtain
The initial conditions φ(0) = φ 0 and φ ′ (0) = φ ′ 0 fix the constants C 0 and C as
For the metric tensor component W we find
This metric tensor component does not satisfy the condition W (0) = 0. On the string axis the metric takes the finite value W 2 (0) = W 2
As for the energy density σ of the string, it is given by
Both the metric and the energy density are singular at ξ = 4C 0 . However, if C 0 = −φ 0 /φ ′ 0 < 0, implying that both φ 0 and φ ′ 0 are positive, there is no infinite type singularity in the metric or energy density. The metric tensor and the energy density are monotonically increasing functions of the distance, while the scalar field is an increasing function of the radial coordinate, becoming infinite for ξ → ∞.
As for the mass of the string, it is obtained as
where ξ s is the string radius. If ξ s = 4C 0 , the total mass of the string is (negative) infinite. On the other hand, for C 0 < 0, the string extends to infinity, but its mass is finite, taking the value
We will proceed now to the general case of a constant potential, V = V 0 = 0. Moreover, we will choose the scaling parameter of the radial coordinate r so that
Then the variation of the scalar field as a function of the radial coordinate is obtained from Eq. (36) as
giving
respectively. The integration constants C 0 and C must be determined from the initial conditions φ (ξ 0 ) = φ 0 and φ ′ (ξ 0 ) = φ ′ 0 , respectively, and they are given by
The variation of the scalar field is represented in Fig. 1 . For large values of the radial coordinate r = ξ/ √ V 0 the scalar field is a monotonically decreasing function and, at large distances from the string, it reaches the value zero. The variation of φ is strongly dependent, from a quantitative point of view, on the initial conditions for the field on the string axis. For large values of φ ′ 0 and near the axis of the string, the scalar field is an increasing function and, after reaching a maximal value at a finite r, φ begins to decrease tending towards zero for very large values of r.
For the metric tensor coefficient W we obtain
or For ξ = 0 (on the string axis) we have
The condition W (0) = 0 would require to take C 0 = 0, which imposes the relation 2φ 0 = φ ′2 0 between the initial values of the field and of its derivative on the string axis. But if this relation is satisfied, as can be seen immediately from the second of the Eqs. (55) , the constant C is undefined, and diverges for ξ = 0. Therefore, the metric tensor is not defined on the string axis r = 0. The variation of the metric tensor coefficient W 2 (ξ) is represented, for φ 10 −7 = 1, W 10 −7 = 10 −3 , and for different values of φ ′ 0 , in Fig. 2 . The metric tensor component is divergent for C 2 (ξ + C 0 ) 2 − 32 = 0, which gives for the value of the singular point ξ ∞ the expression
(58) The position of the singular point is essentially determined by the initial values of the scalar field and of its derivative near the string axis. At the metric singularity the scalar field vanishes, as one can see immediately from Eq. (54). However, a different physical behavior is also possible, if near the origin the integration constants C 0 and C satisfy the condition C 2 C 2 0 ≫ 32, or, equivalently, φ ′ 0 ≫ 2φ 0 . In this case the metric tensor can be approximated as
For ξ → ∞, W 2 (ξ) → 0, and there are no infinity type singularities in the metric. However, a zero type singularity in the metric cannot be avoided even for this choice of the initial conditions. As for σ, we easily find the expression
or
The variation of σ(ξ) is represented, for φ(0) = 1 and different values of φ ′ (0) in Fig. 3 . In order to have positive values of σ the integration constant C must be negative, C < 0, a condition that imposes some strong constraints on the initial values of the scalar field, and its derivative. The energy density of the string is a monotonically decreasing function of the distance and, at least for the present choice of the initial conditions, it does not have any singularities.
For the total mass of the string we obtain the expression
The mass is divergent for C 2 0 C 2 = 32, and for C 2 (C 0 + ξ s ) 2 → 32. If the string radius tends to infinity, the mass of the string is finite, and it is given by The gravitational field equations describing a cosmic string in hybrid metric-Palatini gravity also admit another exact solution, corresponding to the power law type scalar field potential V (φ) = V 0 φ 3/4 . We rescale the radial coordinate r by imposing the condition β 2 V 0 = 1, which gives r = ξ/ √ V 0 . With these choices from Eq. (36) we obtain explicitly the scalar field as a function of ξ, given by
where we have used the usual initial conditions φ(0) = φ 0 and φ ′ (0) = φ ′ 0 , respectively. For the metric tensor component W we obtain
where W 0 is an arbitrary constant of integration. On the string axis, i.e., ξ = 0, we obtain W 2 (0) = ±W 2 0 /524288φ
Since the metric tensor component W 2 must be positive for all ξ ≥ 0, it follows that the physical solution for the string configuration is the one with the positive sign. Hence in the case of the V (φ) = V 0 φ 3/4 potential, the solutions of the field equations describing a cosmic string in hybrid metric-Palatini gravity are
, respectively, with W 2 0 = 524288W 2 (0)φ 21/4 0 φ ′ 0 , a condition that implies φ 0 > 0 and φ ′ 0 > 0. For the string tension we obtain the expressions
respectively. In this case, the scalar field is a monotonically increasing function of the radial distance from the string axis, and tends to infinity for ξ → ∞. On the other hand the metric tensor component decreases monotonically from a finite value on the string axis to zero at infinity. For ξ = 0, the string tension takes the finite value
indicating that σ is a monotonically decreasing function of the radial coordinate. In the first order of approximation we obtain for the mass of the string of radius ξ s the expression
In this approximation the mass is monotonically increasing with the string radius.
C. Exponential potential: V (φ) = V0e −λφ As a second example of a string type configuration, we will consider the configuration generated by an exponential type potential, with V (φ) = V 0 e −λφ , where V 0 and λ > 0 are constants. The solutions of the gravitational field equations for different scalar field models with exponential potentials have been intensively investigated in the recent physical literature, including the cases of both homogeneous and inhomogeneous scalar fields [70] [71] [72] [73] [74] [75] [76] [77] . In four-dimensional effective Kaluza-Klein or string-type theories an exponential potential is generated from the compactification of the higher dimensions [78] . Due to the curvature of the internal spaces or to the interaction with form fields on the internal spaces, the moduli fields may acquire exponential type potentials. Non-perturbative effects such as gaugino condensation can also lead to exponential type potentials for scalar fields [79] . In the case of the exponential potential Eq. (36) giving the scalar field-radial coordinate dependence becomes
where erf(x) is the error function, and cannot be represented in a closed form, therefore we will use a numerical approach to solve the field equations. We rescale first the scalar field so that φ = Φ/λ, and we choose the scaling parameter β of the radial coordinate as β = 2/V 0 λ. Then Eq. (30) , which gives the variation of the scalar field, takes the form
The variation of the metric tensor component W 2 can be obtained from the equation
The behavior of the scalar field with exponential type potential is represented in Fig. 4 . For the sake of comparison we have chosen the same initial values for the field Φ and for its derivative as in the case of the constant potential.
The variation of the metric tensor component W 2 (ξ) is represented in Fig. 5 . For the adopted set of initial values the behavior of the scalar field and of the metric is very similar to the constant potential case. The scalar field is a monotonically decreasing function of the distance, and it reaches the value zero at a greater distance from the string axis than in the case of the constant potential. The behavior of the field is strongly dependent on the initial conditions. The metric tensor is a monotonically increasing function of ξ, and it is defined properly on the string axis. However, it becomes singular at a finite distance from the axis of the string, tending to infinity at a finite ξ. For distances in the range ξ ∈ (0, 1), or r ∈ (0, 2/λV 0 ), the metric tensor is practically a constant, and its behavior is basically independent on the initial conditions of the scalar field. For the exponential potential the energy density of the string can be obtained generally as a function of the scalar field in the form
However, since the numerical solutions for φ(ξ) and W (ξ) are known, it is more convenient to obtain σ(ξ) from the equation
The variation of σ as a function of the dimensionless radial coordinate distance is represented in Fig. 6 . In order to obtain positive energy densities the initial values of Φ ′ 0 must be negative. There is a significant difference between the behavior of the energy density σ as compared to the constant potential case. The energy density initially decreases for increasing values of the radial coordinate, but for ξ > ξ cr , the energy density begins to increase, and tends to infinity, and thus experiencing a singularity at large distances from the string axis.
In the first order of approximation, and after rescaling the variable φ, the integrand in Eq. (69) can be approxi- mated as
However, this equation is not particularly useful in the study of the behavior of the string models with exponential potential. On the other hand at infinity, we obtain
respectively.
Within the framework of this approximation the metric tensor component W is given by the differential equation
Even in this approximation the full analysis of the behavior of the cosmic string configuration in hybrid metric-Palatini gravity in the presence of an exponential type potential can only be done using numerical methods.
D. Higgs-type potential
Next we consider the case when the scalar field potential is of the Higgs-type, given by
whereμ 2 and ν are constants. In the following we will investigate only the case withμ 2 < 0, that is, we will adopt the minus sign in the definition of the potential. By following the standard approach in elementary particle physics, we assume that the constantμ 2 is related to the mass of the scalar field particle as m 2 φ = 2ξv 2 = 2μ 2 , where v 2 =μ 2 /ξ gives the minimum value of the potential. The Higgs self-coupling constant ν can be obtained, in the case of strong interactions, from the determination of the mass of the Higgs boson in laboratory experiments, and its numerical value is of the order of ν ≈ 1/8 [80] . By rescaling the radial coordinate and the scalar field according to
then Eq. (36) provides the profile of the scalar field in the following form
The general solution of this equation is given in a closed form by However, this solution cannot be expressed in an analytical form in terms of known functions. In the first order approximation, we obtain
but this representation is not particularly useful from the point of view of concrete calculations. The variation of the scalar field with Higgs potential supporting a string configuration in hybrid metric-Palatini gravity is represented in Fig. 7 . There is a significant qualitative difference between this string model and the constant, simple power law or exponential potentials. Note that the scalar field for the Higgs-type potential shows a basically periodic structure, changing between successive maxima and minima. There are singularities in the field. Its behavior is strongly affected by the initial conditions on the string axis, and the field extends to infinity.
The variation of the metric tensor component W 2 (ξ) in the presence of a Higgs potential is represented in Fig. 8 . The same oscillatory pattern can also be observed in the case of the metric tensor component W 2 . However, there is a difference in the phase of these to quantities. When the field reaches its maximum at ξ ≈ 1, the metric tends to zero, W 2 (1) ≈ 0. Then, while the scalar field decreases, the metric tensor increases, reaching its maximum at the minimum of the field, corresponding to ξ ≈ 2. This pattern is repeated up to infinity.
The variation of the string tension with respect to the radial coordinate in the presence of the Higgs potential is depicted in Fig. 9 . The variation of σ is in phase with that of the scalar field, and both quantities reach their maxima and minima at the same position. The string tension also has an oscillatory behavior, which is a general property of all physical and geometrical parameters of the string configurations supported by scalar fields with a Higgstype potential.
V. DISCUSSIONS AND FINAL REMARKS
In the present paper we have investigated string type solutions in hybrid metric-Palatini gravity, which is an extension of general relativity that combines the metric and Palatini formalisms. From a theoretical point of view the main advantage of the hybrid theory is that it is a viable theory of gravity that includes elements of both formalisms. A main success of the theory is the possibility of generating long-range forces that pass the classical local tests at the Solar System level of grav-ity. Another important advantage of the theory is that it admits an equivalent scalar-tensor representation, which greatly simplifies the analysis of the field equations, and the construction of their solutions. In this work, we have explored local gauge string solutions with a phenomenological energy momentum tensor, as prescribed in [45] .
In fact, an important class of solutions of the gravitational field equations are represented by the stringlike configurations, which are generally constructed by assuming a cylindrically symmetric metric of the form
where the functions L and N must satisfy the regularity conditions L(0) = 0, L ′ (0) = 1, N (0) = 1, and N ′ (0) = 0, respectively. The simplest model that gives rise to a string solution is based on the matter Lagrangian
where λ is a dimensionless coupling constant, whileη is the vacuum expectation value of the field Φ. The model can also be extended to include gauge fields of the electromagnetic type [23] . In fact, the study of cosmic strings was pioneered in [81] , and ever since it has become a popular subject of investigation. For a review of cosmic string and superstring properties see [82] . Cosmic strings have the interesting property that around a straight, local cosmic string the spacetime is flat. If the string is located around the z-axis, the spacetime metric is [45] 
which has a flat geometry in terms of the modified azimuthal coordinate θ ′ = (1 − 4Gµ) θ, ranging from 0 to 2π − 8πGµ. More generally, the metric for a string oriented along the z axis and having an infinite length can be written as [83] 
Another interesting string configuration is given by the Barriola and Vilenkin string [84] , with metric
This solution generalizes the matter Lagrangian (87) by considering a self-coupling scalar field triplet φ a , a = 1, 2, 3, so that the matter action is given by
To solve the gravitational field equations one uses the ansatz φ a = ηf (r)x a /r. In the framework of the Brans-Dicke theory static cylindrically symmetric solutions of the field equations have been obtained in [44] , for a gravitational action of the form
where Λ is the cosmological constant. For Λ > 0 the solution of the field equations is given by [44] W (r) = A sin (ω+1)/(ω+2) (αr) tan ǫ/(ω+2) αr 2 ,
where α = 2Λ (2 + ω) > 0, ǫ = ±1, and A is an integration constant. Similar solutions can be obtained in the case Λ < 0, with the trigonometric functions replaced by the hyperbolic ones, so that
where β = |2Λ (2 + ω)|. The solutions with ǫ = 1 are smooth, regular, and free of any singularity on the string axis.
In our present investigation of the cosmic string type solutions in the context of the hybrid metric-Palatini gravitational theory we have adopted, after several simplifications, the metric (19) , of the form similar to the metric (89), with W 2 (r) = [1 − µ(r)/2π] 2 r 2 . By adopting the scalar-tensor representation, the gravitational field equations can be formulated in terms of the metric tensor W , the scalar field and its derivatives, and the string tension, respectively. The model also contains as an essential ingredient the scalar field potential V . Generally, for the case of an arbitrary potential, the general solution of the field equations can be obtained in a closed form. For at least three particular choices of the scalar field potential the solution of the field equations can be expressed in an exact (and simple) analytic form.
For some types of potentials the string solutions in the hybrid theory have some important distinctive features as compared to the other string models. First of all, the behavior of the solutions is strongly dependent on the initial conditions of the scalar field and of its derivative for r = 0. These initial conditions are rather arbitrary, since a large number of such field configurations can be constructed. Depending on the initial conditions for the field we obtain two distinct classes of solutions. The first class consists of the solutions that become singular for a finite value of the rescaled radial coordinate ξ. For example, in the string solution with V = 0, if φ 0 > 0 and φ ′ 0 < 0, then C 0 = φ 0 /φ ′ 0 > 0, and the metric and the string tension are becoming singular (infinite) at ξ ∞ = 4φ 0 φ ′ 0 . In this case the scalar field vanishes for ξ ∞ . A completely different situation arises if both φ 0 and φ ′ 0 are positive. In this case both the string tension and the metric tend to zero at infinity, with the scalar field becoming singular for ξ → ∞.
The exact solution of the field equations corresponding to the V = V 0 φ 3/4 corresponds to the second class. The requirement of the positivity of the metric tensor for r = 0 imposes the condition that the metric tensor and the string tension are decreasing functions of the radial coordinate, since both φ 0 and φ ′ 0 must be positive. As a consequence, it is the scalar field that diverges at infinity. However, in these cases one could also define a string radius by introducing an effective cut-off length ξ co for the metric and scalar field, which would allow to construct finite string configurations, with finite values of the scalar field, string tension and metric tensor. But in this case the definition of ξ co is either arbitrary, or based on some empirical considerations, such as the consistency with observational data.
In the case of the exponential and Higgs type scalar field potentials, one can use the condition of the vanishing of the string tension σ(r) to define a radius of the string. This can be done only numerically, and the numerical value of the string radius is strongly dependent on the initial conditions of the scalar field and its derivative at r = 0. For example, in the case of the exponential potential, the string tension vanishes at ξ cr ≈ 0.6, which would allow to define a string radius R s of the order of magnitude R s ≈ 0.6 2/V 0 λ ξ cr . Generally, the exponential potential σ reaches its zero/minimum value for finite values of the scalar field potential, and of the metric tensor, and hence the condition σ ≈ 0 may define the string radius for this type of scalar field potential.
The case of the Higgs potential is quite interesting. The string tension does not vanish for any value of the radial coordinate, and it reaches its minimum value for ξ ≈ 3.5. For this value of ξ the scalar field is at its minimum, while the metric tensor is singular, and tends to zero. Alternatively, one could define the string radius as corresponding to the first zero of the metric tensor (ξ ≈ 1), with the scalar field and the string tension reaching their first maxima. One can also introduce a cut-off radius for these potentials, with its value being determined from the confrontation of the theoretical predictions with observations. An important geometrical quantity, the angular deficit ∆θ in the cylindrical symmetry, due to the presence of the string, is given by [85] 
In the first order of approximation, and for strings with finite extension, we may replace W ′ (∞) with W ′ (R s ) in Eq. (96), where R s is the string radius, thus obtaining
In the variable ξ the angular deficit can be represented
Since the metric tensor W depends on the initial conditions of the scalar field on the string axis, the string geometries obtained in the present study allow a very large range of deficit angles, which significantly impact the topology of the spacetime near the string. For the solutions with lim ξ→∞ W (ξ) → 0, generally also lim ξ→∞ W ′ (ξ) → 0, like, for example, in the zero potential case with φ 0 and φ ′ 0 positive. In this case we obtain ∆θ ≈ 2π. In the opposite limit of lim ξ→∞ W ′ (ξ) → ∞, the deficit angle is formally infinite. We can still define a finite deficit angle by introducing a cut-off radius R s that formally defines the radius of the string. For the exponential and Higgs potentials one can define an explicit string radius, which also allows the explicit estimation of the deficit angle.
Cosmic strings have a number of very intriguing properties. For example, as suggested by Witten [86] , strings behave like superconducting wires. Hence they can interact with external cosmic electromagnetic fields, and as they move through cosmic magnetic fields they can develop electric currents. Therefore, short electromagnetic and highly beamed bursts can be emitted from some peculiar points (cusps), located on small string segments, where the velocity approaches the speed of light [87] [88] [89] [90] [91] . Hence the cusp is a powerful source of electromagnetic radiation that may produce a jet of accelerated particles that may play an important role in many astrophysical phenomena, like the Gamma Ray Bursts prompt and afterglow emissions, respectively. It would be interesting to consider superconducting strings in the framework of modified theories of gravity, and in particular in hybrid metric-Palatini gravity. Such a study would offer some possibilities between discriminating standard cosmic strings from string-like structures that appear in modified theories of gravity.
Another important physical effect that could, at least in principle, discriminate between standard general relativistic cosmic strings, cosmic strings in modified gravity, and other filamentary matter distributions is gravitational lensing. According to the standard general relativistic string scenario, the curvature of the spacetime is not changed by a vacuum string. However, the topology of the spacetime is modified [92] . Hence photon beams are not bent by a cosmic string. But if two light rays travel on the different sides of the string, the presence of the specific conical structure of the spacetime geometry determines their later convergence at the same point of observation [93] . Hence, for a cosmic string located between a terrestrial observer and a distant cosmological source, the observer will detect two images of the light emitting source, separated by an angle δθ = 8µ s sin αD LS /D OS , where by µ s we have denoted the linear mass density of the string, α represents the angle between the observer-source direction and the string, while D OS and D LS represent the distance between the observer and the source, and the lens and the source, respectively. Hence it follows that for the case of the standard general relativistic conical string, due to the string presence, the two images formed are identical to the original source, without any distortion or amplification [93] . This effect is very different from the gravitational lensing by gas filaments, which show a very different image structure, formed from one or three elongated images [93] . Hence the lensing properties of the string solutions in hybrid metric-Palatini gravity obtained in the present study could help in discriminating between these string solutions and the corresponding solutions obtained in standard string theory, or other modified gravity models. The systematic study of the lensing properties of hybrid metric-Palatini gravity strings, and their observational implications, will be considered in a future work.
The in-depth investigation of modified theories of gravity and of their astrophysical and cosmological implications is a major field of study in present day theoretical physics. Despite the fact that from the observational point of view cosmic strings are still elusive astrophysical and cosmological objects, the investigation of their theoretical properties may lead to a better understanding of the theoretical structure of modified gravity. In the present paper we have provided some basic theoretical tools that would enable the in-depth investigation of the properties of the cosmic strings in the hybrid metric-Palatini theory of gravity, and of their astrophysical and cosmological implications.
